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"c^"; Approximation by linear methods of 
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(N 



classes of f3)— differentiable functions 



Ha6jIH^CeHH5I JliHiHHHMH MeTO^aMH 

KjiaciB f3)— ^Hc^epeHniHOBHHx 4>yHKn;iH 



IlpH6jIH^CeHHe JIHHeHHBIMH MeTO^aMH 



KjiaccoB (-0, /3)— RHdpdpepetiujipyeMiAx 4>yHKii,HH 

We calculate the least upper bounds for approximations in the metric of the space L2 by linear 
methods of summation of Fourier series on classes of periodic functions 1 defined by sequences 
of multipliers ip = ip(k) and shifts of argument f3 = (3^. 

06uucjieH0 mouni eepxni MeMci Ha6jiuwceHb e Mempuv,i npocmopy L2 mhHIhumu MemodaMU nid- 
cyMoeyeaHHfi pndie (pyp'e KAacie nepioduunux aiyHKV^iil L^^, MKi 3adafombcsi nocjiidoenocrnHMU 
<^> ' Myjibmunjiinamopie tp = if)(k) ma 3cyeie apzyMeumy j3 = (3k- 

Buhucachu mounue eepxnue epanu npu6nuMcenuil e Mempune npocmpancmea L% auhcuhumu Me- 
modaMU cyMMupoeanun pndoe Qypbe KAaccoe nepuodunecKux (ftynyzuuii 1 , sadamu^uxcR nocne- 
(f) ■ doeameAbHocmsiMU MyAbmunAUKamopoe ip = ip{k) u cdeuzoe apzyMenma (3 = (3k- 

Hexaft C i L p , 1 < p < 00, — npocTopn 27r-nepio^H T iHHx (pyHKiiiii 3i cTaimapTHHMH 
HopMaMii II • ||c i || • || l • O^HHHHHy kjjik) b npocTopi Lp no3HaHaTHMeMO nepe3 B p , to6to 

B p = {ipeL p : \\ip\\ Lp <l}, l<p<oo. 

Hexaft, flajii, if) = if)(k) i (3 = (3k, k = 1, 2, . . . , — ^oBijitm nocjiiflOBHocri ^iftcmix Hiiceji 
Taxi, mo pa,n; 

^ip(k) cos Net - ?f) , 

e pa^,OM Oyp'e ^eHKo'i cpyHKiiii ^ G L\. To^i nepe3 Lt , l<p<oo, no3HaHHMO MHOJKHHy 
Bcix 27r-nepio^H T iHHX cpyHKi^iii /, aid Maftxce CKpi3b 3o6pa:acyioTbCH 3a ^onoMoroio 3ropTKH 

/(x) = f + J/^-W = y +(<p**p)(x), a„6K, ip £ Bp. (1) 
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Bp = {ip G Bp : ip _L 1}. OyHKiiiio (p b 3o6pa>KeHHi ([T]) h&3hb&iot£> (-0, /3)-noxi^Hoio 
(pymaiii / i no3R~aHaioTb ft{x). IIohsttsi /?)-noxyiHoi BBe^eHo O.I. CTenamjeM (,h,hb., 
HanpHKjia^;, [T]). 5Ikih,o ip <E B®, a f ^ 6 L p , to 3 HepiBHoeri K)Hra fljia: 3ropTOK (,hhb. [TJ 
c. 293]): 

1 1 1 1 

II?/ * z\\ L < -\\y\\L a \\z\\L q , 1 < s < p < oo, - = 1 \- -,y e L s ,z e L q , 

7T q s p 



BiinjiHBae, nip C L p , 1 < p < oo. IIpii p = 2 BKjnoneHHa: ^ G L2 eKBiBajieHTHe 



BHKOHaHHK) yMOBH 

oo 

J2^ 2 (k)<oc. (2) 
fc=i 

Po3rjiHHeMo nocjii^oBHocTi (pyHKiiift Xk(S) i Hid 3a^aHi Ha ^eaxifi mhohchhI £ct 

3 rpaHHHHOIO TOHKOK) <5 i 3a^OBOJIBHHK)TB yMOBH 

A (5) = 1, no® = G -E", 

(3) 

lim Afe(5) = 1, lim /j,k(5) = k = 1, 2, . . . 

<5-><5o 5— s-5o 

Ilpn ^oBijiBHOMy cpiKcoBaHOMy 5 & E o3HanHMo jimiiraHH onepaTop £/$ = U$(\;fi), hkhh 

KOJKHM (pyHKIlil / G L% 1 CTaBHTB y Bi^nOBi^HiCTB (pyHKIHK) 

00 

U S (X; wf;x) = — + ^(A fc (5)(a fc cos kx + b k sin kx) + 

fc=i 

+l^k{S){—bk cos fcx + afc sin fcx)), 

,n;e dk,bk — KoecpirrieHTH <J>yp'e cpyHKiiii /. 

y flamft poGoTi po3rjiH,n,aeTBCH 3a,naHa npo 3Haxo,n:>KeHHH tohhhx 3HaneHb BejiHHHH 

S 5 (L^ v X;fi) L2 = sup ||/(x) - U s (\; f; x)\\ L2 . (4) 

Mae Micne HacTynHe TBep^HceHHH. 

TeopeMa 1. Hexail nocjiido6Hicmt> ip = if)(k) 3adoeojiwHe yjuoey a nocAidoenocmi 
(fjynKi^iu Xk(S) i — yMoeu Todi Bah doetJibHoi nocmdoeHocmi diucnux uucen j3 = 0k 
i doeiA-buozo 5 G E C K 



E,{L\ V A; n) L2 = -L ((1 _ Afc (<5)) 2 + f4(S)) ijj\k) 
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floeedeHHH. OcicijiBKH 3ri,nHo 3 (pQ) jijisl 6ynB-HKo'i / G Lf x 



Ofc cos fcx + 6fc sin kx = — j ip(k) cos | A; (2; — £) — J f^(t)dt, 
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-bk cos kx + ak sin kx 
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ij(k) sin [k(x-t)-^) ft(t)db, 



to Manace CKpi3b BUKOHyeTbca piBmcTb 



7T 

U 5 {\- k f; x) = y + i y - *)tf,(A; M ; t)<ft, 

— 7T 

b smii Ug(\; li; t) — cpyHKirm, pa^ <J>yp'e hkoi MOJKHa npe^cTaBHTH y Burjiafli 
f>(fc) (\ k (5)cos (*f-^) +M5)sin (^-^)) • 



; \;li)l 2 = sup 



£ 5 (L| ; A;//) L2 = sup 



(5) 



3 piBHocTeii (PQ) i ((5]) o^ep^cyeMo 

TV 

i y - £) (^(i) - £/",$( A; li; t))dt 

OcKUIbKH (J)yHKHiH ^g{t) ~ U$(\] \l\ t) OpTOTOHaJIbHa flO Gy^b-SKOl KOHCTaHTH, TO 

7T 

^(z-£)(^)-[/ 5 (A;/x;t))cft 
51k b^omo (abb., HanpnKjia^, (21 Hacjii^oK ^1.2., c. 392]), skuxo u e L p , 1 < p < oo, to 

7T 

/ 11 

IMU P = sup / g(t)u(t)dt, - + — = 1. (6) 
geB pl J V P 

— 7T 

BpaxoByioHH cniBBi^HonieHHa flH]), iHBapiaHTHicTb mhojkhhh B 2 Bi^HOCHO 3cyBy apry- 
MeHTy Ta piBHicTB IlapceBajiH, MaeMo 

7T 7T 

£s{L% •, A; = — sup sup / / (/?(£) s(x — £) — t4(A; a; x — t))dtdx = 



TV TV 



— sup sup / <f(t) I g(x + 1) (typj(x) — Ug(X; li; x))dxdt 

K g£B 2 c^eBi J J 



-TV — TV 



— sup 

K g£B 2 



g(x + t) (tyg(x) — Us(\; li; x))dx 



TV 

If 1 

-sup / g(x)C$s(x) - U S (X; fi; x))dx = - hl^ - ^(A; ll)\ 



E i>(k) \[i-\ k (6)) cos {^ x ~^Y^j +M<5) sin y kx ~^Y~fj 



1 / 00 

-= ^((l-A fc (5)) 2 + ^(5)) 
v 71 " \ fc=1 



1/2 



TeopeMy ^OBe^eHO. 

3ayeacHceHHsi 1. 3 TeopeMH 1 flaHo'i po6ora i TeopeMH 1 3 po6oth [3] BunjiHBae, mo 

£s{Lp^\ A; = £s(C^ 2 ; A; fi)c, 
Re Es(C^ 2 ] A; ju)c = sup - f/ 5 (A; //; /; x) || c , a C| 2 = C n L|_ 2 . 
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TaKHM HHHOM, MaiOTB MiCHe BCi TBep^>KeHH5I no Ha6jIHJK6HHK) KjiaciB b MeTpnni 



npocTopy L2, HKi e aHajioriuHHMH pp TBep^JKeHB, mo CTOcyioTBca piBHOMipmix HaojinaceHB 

in in ' n i n i "i i 1 1 I 1 1\ ' 1 1 i 1 1 v\ n -i ' I k i 1 1 \ m r, i mi i i -in r i I ->ktm i i I u A \\ 1 i t km i 1 i i 1 :> \.' ' r -i ri i> 



KjiaciB C^ 2 , OTpHMaHiix y [3]. HaBe^eMo ^eaxi 3 hhx. 

Po3rjiaHeMo jiimiffli nojiiHOMiajibHi MeTo^n Ha6jiHvKeHHsi cpyHKuiH 3 KjiaciB . Hexaft 



A = ||Ajjj || i M = ||/^]j."''||, n = 0, 1, . . . , k — 0, 1, . . . , — HecKmueHm TpiiKyTHi MaTpnui 
HHceji Taxi, mp: 



»! 



A< n) = 1, 


(n) 
^0 


= 0, 




= 0,1,2,..., 


a£° = 0, 


(n) 


= 0, 


k 


= n+ l,n + 2, 


lim A< n) = 1, 

n->oo K 


lim 

n— »oo 


/4 n) = 0, 


k 


= 1,2,..., 



(7) 



i jiimftHiiH onepaTop U n = U n (A;M) KOJKHiii (pyHKuii / £ L\ CTaBiiTB y Bi^noByrmcTB 

TpiirOHOMeTpHHHHH nojimoM 



«0 



U n (A; M; /; x) = — + ^^(A^ n (a k cos A;x + b k sin A;x) + 

fc=i 

+/4™' ) (— b k cos fcx + a^. sin kx)), (8) 

ak i bk — KoecpinieHTH Oyp'e cpyHKirii /. 

Jlfla MeTo^iB U n TeopeMa 1 cpopMyjnoeTBcs: TaKHM hhhom. 

TeopeMa V . Hexau nocAidoemcmb ip(k) 3adoeojibHfie yMoey (|2]) ; a A= ||aP|| i M = 
~ yMoeu ([7]). Todi djisi doeiAbuoi nocAidoenocmi diucnux uuceA (3 = (3k i doeiAbnoso 

n G N 

£ n (L^ v A;M) L2 = sup ||/(x)-Z7 n (A;M;/;x)|| ia = 



1 / n 00 \ V2 

V \fe=l fc=n+l / 



(9) 



4 



3 TeopeMH 1' fljia: ^eHKHx KjiacHHHHx jiiHiflHHx MeTo,a,iB Ha6jiH>KeHHa BHnjiHBaioTb Taxi 
Hacjii^KH. 
5Ikiu;o 

H k n- n ' 1 

to TpuroHOMeTpHHHHH nojiiHOM U n (A; M; /; x) e lacTHHHOio cyMoio Oyp'e S n (f; x) c^yHKui'f 
/ nopa^xy n. B irtoMy Bnna^Ky 

1 / = V /2 
S n (Ll v A; M) L2 = E{L\ {i S n ) L2 = -= £ ^(*) ■ ( 10 ) 

fljia. KjiaciB npn ■0(fc) = g fc ,O<g<l,3 ( JTUj) o,n;ep>KyeMO 

„n+l 

^ ^(1 -9 2 ) 

IlpH /3fc = /3, ft G R, piBHicTb (fTTj) yTonmoe acHMnroTUHHy piBHicTb (12) 3 [3] y TOMy ceHci, 
m;o sasHaneHa piBHicTb (12) 3 [1] npn p = 2 3ajiHinHTbca BipHoio, skhjo b hm BHjiyiiiTH 

3ajIHinKOBHH HJieH. 

3 (J9]) i (JTUJ) BiinjiHBae, mp HafiKpaDXHM jiimHHHM mcto^om Ha6jiiDKeHHa: BHrjia^y (JHJ) 
KjiaciB Lp 1 Y MeTpurri npocTopy Li e MeTOfl Oyp'e. Heft cpaKT MoacHa oTpiiMaTii 3 iHuinx 
MipxyBaHb. Hexaii f £ L p , 1 < p < oo, i 

E n (f) Lp = mi\\f-T n \\ Lp 

J- n 

- HaftKpame Ha6jiJDKeHHH cpyHKui'i / b MeTpimi npocTopy L p TpiiroHOMeTpHHHHMH nojimo- 
MaMH, nopa^Ky He BHiupro Hi>K n. 

Hexaft, flajii, Ot C L p i U n — jiimftHuft onepaTop BHrjiH^y (jSJ). To^i BejiHHHHy 

£ n (<Jl) Lp =mfsu P \\f-U n (f)\\ Lp (12) 

Ha3HBaioTb HaftitpanrHM jiimftHBM HaGjinxceHrraM Kjiacy OX 3a ^onoMoroio jiimftHicx onepa- 
TopiB Burjismy (jSJ) y MeTpimi npocTopy L p , a onepaTop U*, 2KHft peajii3ye inf y npaBift 
nacTHHi (fT2|) . Ha3HBaeTbC3 HaftKpaiHHM jiimftHHM onepaTopoM Ha6jiii>K6HHsi Kjiacy Ot. 
BnKOHyeTbcs HacTynHe TBep^JKeHHa. 

TeopeMa 2. Hexaii 1 < p < oo, a nocAidoenocmi ip = ip{k) i ft = ftk mam, u^o ip{k) ^ 
VA; G N % E L p . Todi djisi doeijibnoeo n G N 

= ^(^W (13) 

floeedeuHfi. HeBaacxo nepeKOHaTHCH, mp 2Kmp ijj(k)^0 VA;gN, to fljia 6yn,b-HKoi / G 
Lsj i ^OBijibHoro TpiiroHOMeTpHHHoro nojimoMa 3 HyjibOBHM cepeflHiM 3HaHeHH2M T°(£) = 

(at cos kt + 7^ sin fct), a^, 7fc G R, 3ropTKa 



fc=i 



a °+j f^x-t)T°(t)dt (14) 



2 
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3o6pa>KyeTbcs y Burjisfli nojiiHOMa U n (A; M; /; x), 03HaueHoro b (JSJ, npn 

x (n) "A: /?fc7T 7fc . /3fc7T 
AL = — ttt COS h — TTT Sin , 

k tj){k) 2 ip(k) 2 ' 

(n) 7fc AfeTT «fc . AcTT 

//j, = — — -— - cos — — sin ; 

i HaBnaKH, ^OBijibHuft TpuroHOMeTpuHHuii nojiiHOM U n (A; M; /; x) BHrjiH^y (jSJ) 3o6pa»cyeTb- 

C3 y BHrjIHfli 3ropTKH (I14p 3 riOJliHOMOM T®(t), KOe(pilJ,ieHTH 3KOrO MaiOTB BBrjIflfl 

a k = ifj{k) [XI' cos — - ill' sin — 



Ik = ^(k) f a£° sin ^ + ^(») cos ^ j 
ToMy, 3 ypaxyBaHHHM (JTj) , ([8]) i (|12j) . MaeMo 



£ n (L|j ip = inf sup ||/-E^(/)||x, 



inf sup 



inf sup 



7T 

^ / - T°(t)) eft 

— 7T 

7T 

i | ¥>(*-*) (¥j(f) - T n °(t)) d£ 



BpaxoByioun, mp (^s — T°) _L 1, cniBByuronieHHH OS) Ta iHBapiaHTHicTB £? p / ByurocHo 3cyBy 
apryMeHTa, o^epacyeMO 

TT 7T 

E n [h\) L = - inf sup sup / g(x) / <p(t) -t)- T°(x - i)) cftcfa; = 

P ' 7T TO ^eBx g eB p/ J J 



TT TT 



— inf sup sup / (f{t) [ g(x) (^r(x — t) — T®(x — t)) dxdt 

7T TO g&B veBl J J 



-TT —TV 



— inf sup 

7!" T ° 3eB D , 



^(x + t) (^(x) - r°(x)) dx 



TT 

- inf sup / g(x) (^(x) - dx. 
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51k b^omo 3 [21 c. 27], fljis ^obui£>hoi cpyHKiiii u G L p , 1 < p < oo, Mae Micue cniBBi^Ho- 
ineHHH ^Bo'icTOCTi: 



(15) 



f 1 1 

inf \\u — a r = sup / g(i)u(t)dt, — I = 1. 

P —TT 

OcKUIBKH (typ — T°) 1 1, TO B CHJiy (JlSj) 

7T 

E n {L^^)L v = - inf sup / #0) (^(z) - T%(xj) dx = 

p —IT 

TeopeMy 2 flOBefle-HO. 

3 MipxyBaHB, BUKopucTaHux npu flOBefleimi TeopeMH 2, BunjiuBae TaxojK, nip npu ^(fc) 7^ 
VA; G N, fljia Kjiacy Lt x cepefl ycix jiimuHux MeTo^iB HaGjiuaceHHa U n Barjisjiy (jSJ) y 
MeTpuiii npocTopy L p HaiiKpamuM e MeTOfl C^*(A; M; /; x), nip nopoflJKemiii chctcmoio uuceji 

x(n) Qfc 7fc • Afe^ 

AL = — -— cos — — h — -— sm — 



vj)(k) 2 if>(k) 2 ' 
7fc &tt a* k . f3 k n 



a) ' = — — — ■ cos -— sm 

Pfc VO) 2 V(*0 2 

fle o;^ i 7^ — Koe(pin,ieHTH nojiiHOMa HaftKpanipro Ha6jnDKeHHH TBipHoro a,apa $sy MeTpuiii 
npocTopy L p . OcKijibKH E n (^> p) 2 = \\^p — S n (^p)\\2, to HauKpaniHM jiimfiHUM mc-to^om 
HaGjiiDKeHHs U* KjiaciB L^ x y MeTpuui npocTopy L 2 e MeTOfl Oyp'e. 

HaBe^eMo Hacjii^ox 3 TeopeMH 1' pjis MeTo^y Bajuie IlycceHa. Hexaft n = 0,1,2,..., 
< m < n, mGNi 

1, < k < n — m, 

n-m<k<n, ee 0. 

0, k > n, 

Top} nojimoM U n (A; M; / '; x) Burjia^y (jSJ) e cyMoio Bajuie IlycceHa V niJn (f;x) (pyHKiiii' / i 
3ri^HO 3 (p5J) 

£(L| )1 ;A;M) La = £(L| )1 ;y ft , m ) £a = 

^ (t-^p E (*-n+m) + E ^)) , (is) 

\ k=n— m+1 fc=n+l / 

B P c. 1680] flOBefleHo, mp n P H < g < 1 



00 

2A; 



—-L^ £ (fc-n+m) 2 g 2fe + £ q 

k=n— m+1 fc=n+l 
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q 2(n- m +l)^ + g 2 _ g 2( m +l)^ 2m + 3 _ q 2{2m + 1))) 

(m + 1) 2 (1 -g 2 ) 3 



(17) 



3 (ITS]) i f fT7|) ^jih KjiaciB 



| OTpHMyeMO piBHICTb 



,n— m+1 



1 + q 2 - q 2 ( m+1 \2m + 3 - g 2 (2m + 1)) 
(1-g 2 ) 3 




0F(m + l) 



(18) 



IIpH fik = f3, /3 £ R, piBHiCTb f )18P yTOHHIOe aCHMnTOTHHHy piBHiCTb (71), OTpilM&Hy 

b [5j. A caMe sasHaneHa piBHicTB (71) 3 [5] 3ajiiiniaeTBCH BipHoio, 2kiu,o b hm BiijiyHiiTii 

3ajIHIIIKOBHH HJieH. 
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